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The Hardy and Caffarelli-Kohn-Nirenberg 
Inequalities Revisited 
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CN ! Abstract 

In this paper some important inequalities are revisited. First, as mo- 
tivation, we give another proof of the Hardy's inequahty applying conve- 
Qi^ ' nient vector fields as introduced by Mitidieri, see [6] . Then, we investigate 

■^C , a particular case of the Caffarelli-Kohn-Nirenberg's inequality. Finally, we 

• ■ study the Rellic's inequality. 
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'jj ■ 1 Introduction 

We begin our study by Hardy's inequality, in fact as motivation. Another proof 
of this inequality is given applying the original ideas of convenient vector fields 
as introduced by Mitidieri, see [S]- Although, differently from that paper, we use 
during the proof the generalized Young's inequality, vifhich gives to us a simple 
way (a la Calculus) to obtain the best constants in some sort of this inequalities. 
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Then, we investigate a particular case of the CafFarehi-Korn-Nirenberg's in- 
equahty. In fact, we prove this inequahty by an interpolation argument based 
on two convenient parameter points, see Theorem 13.31 That is, first we prove 
Lemma 13.11 concerning the Caffarelli-Korn-Nirenberg inequality for b — a + I, 
applying the idea of convenient vector fields, where the technic gives to us the 
best constant. After, we show a second lemma for b = a, where the Sobolev's 
inequality is used with a convenient function and, further we apply the result 
proved in the previous Lemma 13.11 To our knowledge this procedure is com- 
pletely new. 

Finally, we investigate the Rellich's inequality, which is a second order type 
inequality like a generalization of Hardy's one. Our proof is based on the con- 
sidered particular case of Caffarelli-Korn-Nirenberg's inequality for 6 = a -I- 1, 
with a = 1. Again, the best constant is recovered in our analysis due to critical 
point procedure. 

1.1 Main purpose 

In this paper, we first consider the following sharp version of the Hardy's in- 
equality 

IfII \n-pj Jk.^ 

where u is a C^(R") function and p is a real number, such that 1 < p < n. 
Moreover, for u G Cc(K" \ {0}) and 1 < n < p, the sharp version of Hardy's 
turns 



■dx<{^—] / \\Vu{x)f dx. 
\p-nj Jk„ 

In one dimensional case, we show the following version of Hardy's inequality 

''^^^^'' dx < f-^v r uixfdx, 



a \ X J VP-l/ Jo 

where p > 1, m e C^(M+) is a nonnegative and non-identically zero function, 
and 

r]{x) :— / u{t) dt. 
Jo 



The reader is addressed to Section [Ol for the functional notation. Following the 
original idea of Mitidiere [S] , we give a new proof of these inequalities applying 
a nice and simple technique, which further possibility us to recovery direct the 
best constant. 

Also, we analyze a particular case of the well-known inequality due to Caffarelli- 
Kohn-Nirenberg, which asserts that 

Wh" ||x|| '^ I JR'^ \\x\\ 



where C{n, b,p) is a positive constant, n > 3, u G C^{M.") and also 

n - 2 , 2n 

— oo < a < — - — , a < b < a + 1, p — ■ 



2 + 2{b-a)' 

Following the same ideas applied to prove the Hardy inequality, first we were able 
to show the Caffarelli-Kohn-Nirenberg's inequality considered, when b = a + 1. 
In this particular case, the sign of a has no influence and we recover the sharp 
constant, that is 

C{n,b,2) = - ^-^^^. 

[n — 2 — 2ay 

On the other hand, when b = a the sign of a has to be considered and we have 
differences between the constants, see ^. Indeed, for a < the sharp constant 
is the well known sharp constant of the Sobolev's inequality, that is 

C{n,b,2*)^K{n,2)\ 

and when a > the constant is 

2-2/n 



C{n, b, 2*) = K{n, 2f (l + a^C{n,b,2)\ 



The general case of Caffarelli-Kohn-Nirenberg'inequality considered is proved 
by an interpolation argument between these two previous cases, i.e. 6 = a + 1 
and b ~ a. 

At the end of the paper, we prove the Rellich's inequality, which is a first 
order generalization of Hardy's inequality when p — 2^ that is 

\\xf \n{n~4)J 7r„ 

where u G Cd^^^), n > 4 and ( ^,^_^-. ) is the sharp constant. 

Remark 1.1. Considering p = 2, the inequality due to Hardy present here 
is a particular case of the Caffarelli-Kohn-Nirenberg's inequality. Indeed, it is 
enough to take 6=1 and a = (and consequently p = 2). 

An outline of this paper follows. In the rest of this section we fix some 
definitions and notation. Moreover, we recall some well-known results. The 
Hardy's inequality is proved on Section [2] In Section [3l first we prove two 
Lemmas, which are the Caffarelli-Khon-Niremberg's inequality for 6 = a + 1 
and b — a respectively. Then, applying an interpolation argument we were able 
to prove the general case. Finally, we show in Section 2] the Rellich's inequality. 



1.2 Functional notation and background 

At this point we fix the functional notation used in the paper and recall some 
well known results. 

By dx we denote the Lebesgue measure on M". Moreover, we denote by ||.|| 
and I . I respectively the Euclidean norm in R" and the absolute value in R. 

We recall the generalized Young's inequality: For A > and all V,W E R", 
we have 

F-VK<A'P^^ + A9^-^, (1.1) 

p q 

where p, q > 1 satisfying 

- + - = 1, {ov q=p{q-l),ov p = q{p-l)). 

P q 

For any U C R" the set C^{U) stands for the space of all C°° functions on 
R" whose support is compact and contained in U. The Sobolev space W^'P{M.") 
is the set of all functions in LP(R") with first derivatives also in ^^(R"), (1 < 
p < oo), where the derivatives should be understood in the usual weak sense. 

For 1 < p < n, we set 

np 
P ' 



n ^ p 

called the Sobolev conjugate of p. Thus the Sobolev's inequality asserts that, 
for all functions / G W^^p{W') 

\f{x)fdx^ ' <K{n,pr (^l^jVfixWdx^ ^ (1.2) 

where K{n,p) is the sharp constant, given by 

K(n,p) 



21/" TT^/^ n \n — py yp — 1 

r(n/2)r(n) ^^/" 



r{n/p)rinil-l/p)) 
and r(s) is the Gamma-function. 

2 The Hardy inequality 

The proof of the Hardy's inequality follows with a nice strategy, which allow us 
to apply the Gauss-Green Theorem. Then, the Young's inequality is used to 
obtain our result. 



2.1 The case (p ^ n,n > 1) 

Theorem 2.1. Let u be a function in C^{M.") and 1 < p < n. Then, 

where I -^^ ) is the sharp constant. 

Proof. 1. First, let F : R" \ {0} ^ M" be a smooth vector field, defined by 

V{x) := -. ^-^. (2.4) 

For each i, j — 1, . . . , n, this function verifies 

dx, [p - n) \\x\\P '' {p - n) \\x\\P-^ ^' ^' ^'' 

where the usual summation convention and Kronecker delta notation is used. 
Consequently, we have 

divV^(a;) — ~- — -jp. 



2. Now, the integral on the left side of (jSTTj) can be rewritten in the following 

way 

\u{x)\^ f 

— — rp^ dx = — / \u(x)F divVix) dx. 

\\xr J«" 

Then applying the Gauss-Green Theorem, we obtain 

\u(x)\ 



^^dx=p (\uix)r' V{x)) ■ (V \u{x)\) dx 

<p f —\u{x)\<-P-^^'^\\Vix)\\''dx+f \-P\\\7u{x)\\P dx, 

where we have used the Young's inequality (|l.ip . Therefore, it follows that 

/ ^-^^^dx-^ f \u{x)\P \\V{x)\\'' dx < X-P f \\yu{x)\\Pdx 
■/r" F q Jw^ Jr.. 



A'^p \ f \u(x)\P , > .„ / ,,„ , MiB , 
^ ' ' ^ ^ '^ dx < X^P \\Vu{x)\\P dx. 



(2.5) 



q{n~pYJU^ \\xf 
From (j2.5p and a simple algebraic manipulation, we obtain 

^-^dx < f{X;n,p,q) / \\Vu{x)\\P dx, 



where 

f{X;n,p,q):= , q{n ^ pY ^ . . 

^ ' \P{q{n-p)i-Xip) ^ ' 

3. Finally, we proceed to obtain the sharp constant. Fixed n, p and thus q, 
we set the positive constant k = q(n — pY . Then, we have 

/(A) 



\P K- \P+1 p 



So, we can derive / and make it equal zero, to obtain a minimal point candidate, 
that is 

Ao = 



In fact, a straightforward calculation shows that Aq is the point of minimum 
and 

\n — p ^ 

which is the sharp constant for the Hardy inequality as we already know before. 

D 

The same proof could be adapted with minor requirements to prove the 
following 

Theorem 2.2. Let u he a function in C^iW^ \ {0}) and p > n > 1. Then, 

\2!^dx<(j^X f \\^u(x)rdx, (2.7) 

\\X\\ \p - n J J^r^ 

where I -^^ ) is the sharp constant. 

2.2 The case {p > n,n = \) 

Now we are going to prove a sharp version of the Hardy's inequality in one 
dimension. 

Theorem 2.3. Let u he a nonnegative function in C^(IR-i-), which is non- 
identically zero, p > 1 and set 

fj{x):=J\{t)dt, {^^^rj'{x)^u{x)). 

Then, we have 

'^^''^'' dx< (^Y r u{xYdx, 



XP \P-^/ JO 

— ^ 1 is the sharp constant. 



Proof. First, we observe that 77(0) = 0. The proof follows almost the same lines 
as before. Indeed, we have 

/ T](x)P — dx= / n(x)P (x^-Py dx 

Jo xP l-pJo 



P-^ Jo \ ^ 
where we have integrated by parts and used that 



lim r]{x)P x^-P ^ 0, (77(0) == 0), 



)P x^- 
lim Tj{x)P x^-P = 0, (p > 1). 

a;— >-oo 

Therefore, we obtain 

^y d.^^ rf^y".(.)dx. (2.8) 

\ X J p-l Jo \ X J 

Now applying the Young's inequality, it follows that 

^YdxK x" r f ^y dx + ^-^ r u{x)p dx, 

\ ^ ) Jo \ ^ J ip-^)^PJo 

r (MY dx < I ru(x)Pdx 

One remarks that, the equality happens in the Young's inequality before if, and 
only if 

Therefore, it follows that u must be a positive constant, which is a contradiction 
since u has compact support and is non-identically zero. 

Finally, we define for p and thus q fixed, 
/(A) = ^ 



(p- 1)AP(1- A9)' 

Then, we find that the minimum point of / is Aq = q^"^, and moreover the 

minimal value is 

/ \ P 

/(Ao)^(^; 

Consequently, we obtain the sharp Hardy's inequality, that is 

P / „ \P r°o 



''^^^^ dx< (^) / u{x)Pdx. 



n 



3 The Caffarelli-Kohn-Nirenberg inequality 

In order to show the inequality due to Caffarelli-Kohn-Nirenberg, we consider 
first two lemmas, which are particular cases. The former is this inequality for 
b = a + 1, the second one is for & = a. The general result follows by an 
interpolation argument. 

Lemma 3.1. Let u be a function in C^(R"), n > 3, 

n-2 
— cxD < a < — - — and b — a + 1. 



Then, we have 



where 



^d.<C.,J &g^d., (3.9) 



" 11x11^" - 7e" \\x 

C'a+l 



(n-2 - 2a)2 
is the sharp constant. 

Proof. Let W : K" \ {0} — )► R" be a smooth vector value function defined as 

1 \ X 



W{x) 



M 



This vector field is well defined since n ^ 26. Indeed, if & = n/2, then we must 
have a = {n — 2)/2, which contradicts the hypothesis. Moreover, a straightfor- 
ward calculation shows that 

divl^(x)== ^ 



xf 



Now, the integral of the left side of p.9|) can be written of the following way 



^^^^da; = -/ \u{x)\^ diY W{x)dx. 

Then, applying the Gauss-Green Theorem and using the Young's inequality, we 
obtain 



(3.10) 



where a is a positive real number. Now, we observe that b = a + I imphes 

\\Wix)f _ llxf ^_ 1 

llxir'" ^ {2b~n)2\\xC+^ M-^""^ in-2-2a)^\\xf''' 

Therefore, we have from p.lOp 



[n-2~2afJU. ||a;f'' " '- "^n^a 



x\ 



and so 



where 



M£)r,, <;„.,„,„)/ ^Hrf., 



R" ||a;|| Jk" ||a;|| 



/("^--")- -...j:;i.:;-^4 - (3.11) 



(n - 2 - 2a) 
a2(n-2-2a)2 -a 

Analogously, we set k = (n — 2 — 2a) ^ and look for the critical points of f{a 
Thus we proceed as before and obtain the critical point 

and also /"(ao) > 0. Moreover, we have 

4 



fw^m = 



(n - 2 - 2a)2 ' 
which is the best constant for this inequality. D 

Now we are going to prove a second lemma, which is the Caffarelli-Kohn- 
Nirenberg's inequality when b — a. In this case, we do not follow the same ideas 
as before, moreover we do not recover the best constant. 

Lemma 3.2. Let u he a function in C^(R"), n > 3, 

2n 

— oo <2a<n — 2, b — a and p — = 2*. 

n — 2 

Then, we have 

tWf..)-,c„./^.., ,3,12) 

IFII / JR" ||x|| 

where 

^ '^' \n-2-2aJ ' ° ^ '^' \n-2-2a) ' 

and a+ stands for a > similarly a^ for a < 0. 



Proof. We begin applying the Sobolev inequality (|1.2p for f{x) — u(x)/||x||" 
and without misunderstanding (p = 2). Therefore, we obtain 



\u(x)\P , 1 ■ ^^, ,, 
^jr^dx] <K{n,pf 



u{x) 



dx. 



(3.13) 



Now, we analyze the right-hand side of the above inequality. First, we observe 
that 



u(x) ■ 






|Vu(a;)|p 2 l"(a;)|^ 2au{x) 



and thus 

IIV 



<^)u^d. 



2.||2a ||x||2('^+l) 

||Vw(x)||2 



II ||„ .„ Vu(x) • X, 



|2a 



■ dx 



2 K^)r_ , 

a T. — TTTTT — TTT dX — 



||2.||2(a+l) 
/1+/2+/3, 



|^v„w.,.. <"*) 



with the obvious notations. For /i term there is nothing to do, and for I2 we 
apply Lemma |3. 11 then we have 



h < a" Ca+l 



\^u(xW 



dx. 



(3.15) 



It remains to consider the I^ term. We divide in two cases: a < and a > 0. 
For the former, we have 



h < -ay 



||2.||2(a+l) 

< -a (A^ Ca+i + A-2) 



dx — a\ 

\\vu{x)r 



\\Vu{x)r 



dx. 



dx 



(3.16) 



where we have used Young's inequality (|l.ll) and Lemma |3. II Therefore, from 
(P1^ - (P1^ . we obtain 



^^dx) <UX;n,a) 



2a ""^' 



R" ||x 



where 



/_(A; n, a) = K{n,pf[l + a^Ca+i ~ a{X^Ca+i + X^^)). 
Analogously, we proceed for the second case when a > 0, and obtain 

iu(x)r 



dx] </+(A;n,a) 



||Vw(x) 

II l|2a 



■ dx. 
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where 

/+(A; n, a) = K{n,pf (l + a'Ca+i + a{\^Ca+i + A-^)) . 

Finally, we proceed to minimize f± with respect to A. Thus we obtain the 
minimal point 

such that /±(Ao) — and f±{Xo) > 0. Moreover, it follows that 
Consequently, we obtain 



\x\\ 



:{n,pf[l±a^Cr, 



n 



We finish this section with the proof of Caffarelli-Kohn-Nirenberg's inequal- 
ity. 

Theorem 3.3. Let u be a function in C^{M") for n >3 and assume that 

n-2 , , 2n 

— oo < a < , a < b < a + 1 and p = 



2 ' - - "^ n-2 + 2(fe-a)' 

Then, we have for each 9 £ [0,1] 

\Jr" \\x\\ ^ J JM" \\x\\ 

where Ca± and Ca+i are respectively the constants for b — a and 6 = a + 1, and 

2n9 ^ 2(1-61) 

" = 7 ;t^' p = 



(n — 2)p' p 

Proof. We are going to obtain p.l7p by interpolation between the two previous 
results obtained in Lemma lOl and Lemma[32I First, we write for each < 6* < 1 
the exponent p as 

p==2(l-6')+2*6l. (3.18) 

We recall that 2* is the Sobolev conjugate of 2, i.e. 2* ~ 2n/{n — 2). Since we 

have 

_ 2n 

^^ n~2 + 2{b-a)' 



11 



it follows from p.lSp after a straightforward algebraic calculation that 

and also 

bp ^ 2{1 ~ 9){a + l) + 2* e a. (3.20) 

Therefore, from ([XT5)) - ((X^ we could write 

\u{x)\P , f |m(.x)|2(1-»)+2*« 

■ dx ~ I TTT, — TTT, — , .,> , „.n dx 



\\x\t^ 7m" ||^||2(l-.)(a+l)+2.«a 

where we have applied Holder's inequality with 

p=^ and q^\. 
The proof follows from the Lemma 13.11 and Lemma 13.21 that is 



K^)r..r /^^^^v^ [ \\^<^ 



dx < CJ C^^l / „ ,:" dx 



XV / " " ""^ ^K" \\X\\ 



|2 



D 



Remark 3.4. In the previous theorem, instead of Ca± and Ca+i we could con- 
sider respectively C{n,b,2*) and C(n, 6, 2). Thus for each 6 G [0,1] fixed, we 
obtain the constant of the Caffarelli-Kohn-Nirenberg 's inequality, see f^l, that is 

C{n,b,2*)"C{n,b,2f 

with a and (3 given by Theorem \3.3\ 

4 The Rellich inequality 

In this last section we prove Rellich's inequality, which is a second order gener- 
alization of the Hardy's inequality. 

Theorem 4.1. Let u be a function in C^(]R") and n > 4. Then, we have 

^^dx<f^±-)V \Auix)\Ux, (4.21) 

||x|r \n{n-A)J 7r„ 

where ( ^. "'^^, J is the sharp constant. 
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Proof. The proof has 3 parts: 

1. First, we use the particular case of CafFarclh-Kohn-Nirenberg inequality 
for 6 = a + 1 , with a = 1 , so 

Mf^d,<M/ ^d:r, (4.22) 

where 



(n - 4)2 ■ 

2. Now, we observe the right side of (|4.22p . and we can note that 

f llVulP [ 2u f u ^ 
M / 5- = M / J x-Vudx-M / 2 ^" ^2;. 

Jm" ||a;|| Js." \\x\\ Jr" ||x|| 

Thus using the Young's inequality, we obtain 

U^ llxf - 2A2 ;«„ ||a;||2 2 JrJ ' 

+ ^r I — 5- + ^^'^ / -^ — 5-' 

M JR" ||x|| JR" ||x|| 

where A, /^ > 0. So, we have 

^^dx < P{X,fi;M) f \Auix)\' dx, (4.23) 

||x|| JR" 

where 

P(A,„;M):=Mi(l-§-;|I-/" 

3. Finally, we can proceed to obtain the critical point (Aq, /io) of P. In fact, 
replacing this critical point in the determinant of the Hessian of P, i.e. matrix 
H, we have 

det7J(Ao,/io) > 0. 

Moreover, we obtain 

-P(Ao,Mo) = — T7 TT^- 

Consequently, from ()4.23p . it follows that 

' ^ '^-dx<^r-, -^ / \/\u{x)\ dx. 



R" ||:e||" -n2(n-4)' 



■ / |AM(a 



D 
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